We give an alternative formulation of the KP and BKP hierarchies using the quantum inverse scattering method by introducing the operators B(x), C(x) andB(x),C(x) in the off-diagonal entries of the monodromy matrix for the bc fermionic fields and neutral fermions. We also introduce an analogous phase model and study the associated operators B * (x) and C * (x) in terms of the charged free bosons. The new system is shown to be completely analogous to the bc fermionic fields. It is proved that the correlation function 0|C(xN ) · · · C(x1)B(y1) · · · B(yN )|0 in the bc fermionic fields is the inverse of the correlation function 0|C * (xN ) · · · C * (x1)B * (y1) · · · B * (yN )|0 in the charged free bosons.
Yang-Baxter matrix R(u, v) acting on V 1 ⊗ V 2 :
R(x, y)T 1 (x)T 2 (y) = T 2 (y)T 1 (x)R(x, y). (1.2) Recently Bogoliubov [1] , Foda, Wheeler and Zuparic [10] [11] [12] 27] , Tsilevich [24] have given a new QISM formulation of the KP and BKP hierarchies and constructed the operators B(x), C(x) andB(x),C(x) using phase algebras and i-boson algebras. i.e., in the case of KP they let the L-matrix
where the generators of the phase algebras {π i , ψ † i , N i , ψ i } 0≤i≤M satisfy that satisfy four distinguished properties [1, 10, 27] that can be used to characterize the system and compute the correlation functions. We will come back to these four properties in the sequel (see (1.5) ).
On the one hand, the KP and BKP can be formulated in the context of the boson-fermion correspondence as special realization of the basic representation of the affine Lie algebra, while the KP and BKP correspond the so-called bosonic/fermionic realization of the Lie algebra gl ∞ and the twisted vertex realization of the affine Lie algebra sl 2 [15] .
On the other hand, the boson-boson correspondence gives rise to interesting representations of W 1+∞ -algebra [13, 25] . In [17] we have formulated the tau functions of the associated hierarchy in terms of the charged free bosons. The goal of this paper is to formulate the charged boson systems using the QSIM.
In order to do this, we first reformulate a new QISM approach to the charged fermions, analogous to the approach used by Wheeler and collaborators. We introduce a generalized phase model and derive that the atomic operators satisfy the basic bosonic relation. We define two new operators (see (1.4) in bc fermionic fields for any positive integer M . We show that these two operators satisfy the similar commutation relations for the bosonic monodromy matrix using the Baker-Campbell-Hausdorff (BCH) formula. Names, we shall prove that the properties of bc fermionic fields enjoy the following properties:
(2) The limit of the operators are given by
x n n H n ), (1.5) where H −n , H n satisfy the Heisenberg relation [H m , H n ] = mδ m,−n (see (2.16));
x |µ|−|ν| |µ) (see (2.25) ).
Based on the conclusions of [10, 27] , we can compute the correlation function 0|C(x N ) · · · C(x 1 )B(y 1 ) · · · B(y N )|0 .
Our second main result is to formulate a QISM for the charged free bosonic system (or the bosonic βγ system). We will introduce two important operators (see (3. 3)-(3.4))
in terms of charged free bosons. From the BCH formula and the properties of charged free bosons, we
where h −n , h n satisfy the Heisenberg relations [h m , h n ] = −mδ m,−n (see (3.7)); 3. B * (x 1 ) · · · B * (x N )|0 is a bosonic KP τ -function; 4. For a positive integer M , the correlation function 0|C * (x N ) · · · C * (x 1 )B * (y 1 ) · · · B * (y N )|0 is the inverse of 0|C(x N ) · · · C(x 1 )B(y 1 ) · · · B(y N )|0 .
The paper is organized as follows. In section 2, we formulate a new alternative QISM approach to the charged free fermions. We introduce two operators B(x) and C(x) of bc fermionic fields to obtain their important results, analogous to the operators B(x) and C(x) considered in [1, 10, 27] , which then gives a new way to compute their correlation functions. In section 3, we introduce the bosonic analog B * (x) and C * (x) in charged free bosons, which then computes the correlation functions 0|C * (x N ) · · · C * (x 1 )B * (y 1 ) · · · B * (y N )|0 . In section 4, we provide two operatorsB(x) andC(x) from neutral fermions and build up a connection withB(x) andC(x).
B(x) and C(x) of bc fermionic fields and correlation function
In this section we introduce operators B(x) and C(x) of bc fermionic fields and obtain some relations based on the Baker-Campbell-Hausdorff (BCH) formula. We also establish the corresponding relations between B(x), C(x) and B(x), C(x). where {A, B} = AB + BA. In particular, b 2 (i) = c 2 (i) = 0 for all i ∈ Z.
We then introduce two operators B(x) and C(x) of the bc fermionic fields for a positive integer M :
) means that i runs in the decreasing (resp. increasing) order from left to right within the interval (−∞, M ].
Proof. We divide the proof into two steps. First we recall the formula to derive its consequence Lemma 2.1. Then we prove (2.5) using the BCH formula and Lemma 2.1.
Step 1. Let X and Y be operators in a bounded Hilbert space. The Baker-Campbell-Hausdorff formula [14, 23] says that exp(X)exp(Y ) = exp(Z), where Z is a formal series in X and Y with rational coefficients. It is known that Z can be written as a formal series in iterated commutators of X and Y . The first few terms are
To simply the notation, we iteratively define [
where B n are the Bernoulli numbers defined by
1 l x l = −ln(1 − x) and consider the Taylor expansion of (f (x)) s (s ≥ 1)
then clearly F s t = 0 for t < s and F s s = 1. We have the following technical lemma.
Lemma 2.1. The coefficients C j and F j n satisfy the following relations:
by combining (2.6) and (2.7). And by (2.8),
Comparing (2.11) and (2.12), we immediately get (2.9). Similarly we can check (2.10).
Step 2. We claim that for
where we have used Lemma 2.1 (also recalled X and Y). Thus we have
The proposition is then true by taking m → −∞.
Thus we have the following identities.
Proposition 2.4. The limit of the operators satisfy that
The actions of B(x) on F (0) and C(x) on F * (0) . The Fock space F is spanned by negative (resp. non-positive) modes of c(z) (resp. b(z)) acting on the vacuum vector |0 subject to the relations
where the subspace F (i) has a basis consisting of monomials b(−m 1 ) · · · b(−m s )c(−n 1 ) · · · c(−n t )|0 , m 1 > · · · > m s ≥ 0 and n 1 > · · · > n t > 0 such that s − t = i. We will be focused on the subspace
The dual Fock space F * is generated by the dual vacuum vector 0| satisfying the relations
We are only interested in the subspace F * (0) with a bases 0|b(m k ) · · · b(m 1 )c(n k ) · · · c(n 1 ),
A vector τ ∈ F is called a KP τ -function [18, 27] if τ obeys
where Res z f (z) denotes the coefficient of z −1 in f (z).
Remark 2.1. In [17] , we have shown that
Definition 2.1. The partition |µ) = |µ 1 , . . . , µ l+1 ) is said to interlace the partition |ν) = |ν 1 , . . . , ν l ), written as |µ) ≻ |ν), if and only if 
For simplicity, we denote | − l = c(−l)c(−l + 1) · · · c(−1)|0 in the following.
On the one hand, for
These relations imply that the new element |µ) generated by b(−j)c(j − 1) satisfies that
On the other hand, given an element |µ) with ν ≺ µ, say
This completes the proof.
Using the same method, we have the following result. (resp. C(x)) on F (0) (resp. F * (0) ). Following [20] , the complete symmetric function h k {x} in infinitely many variables {x} = {x 1 , x 2 , · · · } is defined by
To each partition λ = {λ 1 ≥ λ 2 ≥ · · · ≥ λ k > 0} we associate the Schur function s λ {x} defined by
For the remainder of the article, we usually consider the Schur functions s λ {x} in finitely many variables {x} = {x 1 , x 2 , · · · , x N }. The following identities are well-known [20] . 
where it is assumed that 0|1|0 = 1. 
Remark 2.4. One can also obtain the well-known generating function for plane partitions [20] using Remark 2.3:
43)
where the sum runs over plane partitions π (cf. [27] ).
In view of Prop. 2.6 we have that
(1 + a m c(m − 1)).
Therefore, we get that 
Correlation functions of charged free bosons
In this section we introduce charged free bosonic system and define two new operators B * (x) and C * (x). We will see that their correlation functions enjoy similar but distinct properties as in the previous section.
3.1. The operators B * (x) and C * (x). Recall that the charged free bosons [19, 25] are
with the commutation relations
For a positive integer M , we define
The following is similar to Proposition 2.1. 
As in section 2.2, we can define subspace M (0) of M and subspace M * (0) of M * with bases
An element τ ∈ M is called a bosonic KP-τ function [19] if τ satisfies
Res z ϕ(z) ⊗ ϕ * (z)(τ ⊗ τ ) = 0. (3.11) Remark 3.1. From [17, 25] , we have
Theorem 3.1. For arbitrary M , we have Using this fact together with ϕ i |0 = 0(i ≥ 0) repeatedly we have that
Assume that
.
and we consider P = 1≤m≤M P m , and let Q j = [x N ϕ −j−1 ϕ * j , Q j−1 ] + P j . Then by (2.36) and (2.37) we have
As Q 2 = [x N ϕ −2 ϕ * 1 , Q 1 ] + P 2 , we then have
Continuing in this way, we have that
It follows from the BCH formula that
Corollary 3.1. We also have the expansion 0|C * (x N ) · · · C * (x 1 ) = 0|exp( The proof is contained in the Appendix.
Comparing the right sides of (2.41) and (3.16), we have 
. 
Remark 3.2. If one has an exact presentation of B * (x) (resp. C * (x)) on M (0) (resp. M * (0) ), then one can get a generating function
Neutral fermions
This section is parallel to Section 2, and the results are obtained by similar method. It is known that the usual KP tau functions can be formulated in terms of the Schur functions, which are integral combinations of the power symmetric function p r = i x r i . Schur has introduced the famous Schur's Qfunction Q ν , which are orthogonal rational linear combination of the odd degree power sum symmetric function p 2r−1 . It turns out that the BKP tau functions can be realized by the Schur Q-functions. We will give a new derivation of this beautiful result and provide a new interpretation of the BKP tau functions using the neutral fermions.
We start with neutral fermions defined by infinite operators {φ m } m∈Z with the commutative relations {φ m , φ n } = 2(−1) m δ m+n,0 . The Fock space F φ and dual Fock space F * φ are the vector spaces generated by |0 and 0| subject to
We then introducẽ
The vector τ ∈ F φ is called a BKP τ -function [18, 27] 
Using the similar method in Proposition 2.1, we have Proposition 4.1. One has that The following result is clear. A partition ν = (ν 1 , . . . , ν l ) is called strict if ν 1 > · · · > ν l . Let |ν) =      φν 1 φν 2 · · · φν ℓ |0 ℓ ∈ 2Z φν 1 φν 2 · · · φν ℓ φ 0 |0 ℓ ∈ 2Z + 1,
For the strict partition ν the Schur's Q-function Q ν [20] is defined by Q ν (x 1 , · · · , x n ) = 2 l w∈Sn/S n−l x ν 1 w(1) · · · x νn w(n) i<j
where n ≥ l = l(ν), S n acts on x 1 , · · · , x n and S n−l acts on the last n − l variables. where #(μ|ν) denotes the number of parts inμ which are not inν.
Our result is summarized as follows. whereμ runs through all strict partitions inside the box, {x} = {x 1 , · · · , x N }, and {y} = {y 1 , · · · , y N }. 
